We investigate the minimal theory of massive gravity (MTMG) recently introduced. After reviewing the original construction based on its Hamiltonian in the vielbein formalism, we reformulate it in terms of its Lagrangian in both the vielbein and the metric formalisms. It then becomes obvious that, unlike previous attempts in the literature of Lorentz-violating massive gravity, not only the potential but also the kinetic structure of the action is modified from the de Rham-GabadadzeTolley (dRGT) massive gravity theory. We confirm that the number of physical degrees of freedom in MTMG is two at fully nonlinear level. This proves the absence of various possible pathologies such as superluminality, acausality and strong coupling. Afterwards, we discuss the phenomenology of MTMG in the presence of a dust fluid. We find that on a flat homogeneous and isotropic background we have two branches. One of them (self-accelerating branch) naturally leads to acceleration without the genuine cosmological constant or dark energy. For this branch both the scalar and the vector modes behave exactly as in general relativity (GR). The phenomenology of this branch differs from GR in the tensor modes sector, as the tensor modes acquire a non-zero mass. Hence, MTMG serves as a stable nonlinear completion of the self-accelerating cosmological solution found originally in dRGT theory. The other branch (normal branch) has a dynamics which depends on the time-dependent fiducial metric. For the normal branch, the scalar mode sector, even though as in GR only one scalar mode is present (due to the dust fluid), differs from the one in GR, and, in general, structure formation will follow a different phenomenology. The tensor modes will be massive, whereas the vector modes, for both branches, will have the same phenomenology as in GR.
I. INTRODUCTION
The idea that a spin-2 field such as the graviton might have a mass has been first put forwards in 1939 by Fierz and Pauli [1] . However, the idea had to be put aside for some time due to the presence of a ghost, the so-called Boulware-Deser (BD) ghost found in 1972 [2] . On top of that, the theory of a massless graviton was so successful that it seemed unnecessary to explore this exotic possibility.
However, thanks to the pioneering work by de Rham, Gabadadze and Tolley (dRGT) in 2010 [3, 4] , it became clear that not all the theories of massive gravity would suffer from the presence of the BD ghost. Indeed, the dRGT theory has only five degrees of freedom, two tensor, two vector and one scalar modes. While the original theory does not allow for a flat or closed Friedmann-Lemaître-Robertson-Walker (FLRW) solution [5] , there exists an open FLRW solution with self-acceleration [6] . If the fiducial metric is modified from Minkowski to either de Sitter or more general FLRW one then all types of FLRW solutions become possible [7] . However, it was soon realized that at the level of linear perturbation on the FLRW background, only the gravitational waves are propagating, whereas the other modes are merely Lagrange multipliers [7] . In fact, it was shown that for the same theory all homogeneous and isotropic backgrounds are unstable, either due to the presence of a ghost at nonlinear level which cannot be set to be massive enough [8] or due to the so called Higuchi ghost at the linear level [9, 10] , depending on the branch of solutions.
Therefore the dRGT massive gravity leads to non-trivial phenomenologies, as one has to abandon the hypothesis of a homogeneous and isotropic space to describe our universe at sufficiently large scales [5, 11, 12] . Another possibility to avoid the ghost instability consists of extending the simplest model of the dRGT massive gravity by adding extra degrees of freedom such as a scalar field [13] [14] [15] , or studying its bigravity counterpart [16] [17] [18] .
Recently the present authors have proposed a new theory of Lorentz-violating massive gravity, which was constructed so that: 1) the number of physical degrees of freedom is two at fully nonlinear level; 2) the FLRW background equations of motion are identical to the dRGT theory [19] . These two conditions are sufficient to allow for stable FLRW backgrounds: there is no BD ghost, no Higuchi ghost, no nonlinear ghost. Hence the new theory serves as a stable nonlinear completion of the self-accelerating cosmological solution of [6] . The two physical degrees freedom in this theory are simply two tensor modes, whose quadratic Lagrangian on FLRW backgrounds is the same as that of the dRGT theory. In particular, the kinetic term of the two modes are essentially given by the Einstein-Hilbert term and thus its coefficient is always of order unity. In addition, the propagation speed of the tensor modes are not modified. Therefore, this theory automatically avoids pathologies known in the literature, such as superluminality, acausality and the above mentioned ghost instabilities. While in the literature there have been classes of massive gravity theories with modifications in the potential part of the action, the MTMG modifies the kinetic part as well (see section III). Thus, as far as the present authors know, this theory does not fall into any one of the classes of theories considered in the past. We call this theory the minimal theory of massive gravity (MTMG).
In Lorentz-invariant massive gravity theories (without the BD ghost), one scalar, two vector and two tensor modes form a multiplet of 5 degrees of freedom. Therefore the first of the two requirements imposed on the MTMG implies that Lorentz invariance should be broken. In Lorentz violating theories, on the other hand, scalar, vector and tensor parts can be independent from each other. This is the reason why it is possible to realize a theory of massive gravity with only two physical degrees of freedom. Needless to say, the Lorentz violation is in the gravity sector and disappears in the massless limit. Hence the Lorentz violation induced on the matter sector via graviton loops should be suppressed by a minuscule factor m 2 /M 2 P , where m is the graviton mass. There have been classes of Lorentz-violating massive gravity theories in the literature [20] [21] [22] [23] [24] [25] . As mentioned above, however, previous attempts modify only the potential part of the action and leave the kinetic part unchanged 1 . More importantly, none of them fulfills the two requirements that we impose on the MTMG. The MTMG differs from the earlier attempts because it fulfills the two requirements stated above. The four-dimensional Lagrangian for the MTMG is fully nonlinear, only has two degrees of freedom and, as we shall see later on, it contains non-trivial constraints which modify not only the potential term for the graviton but also the kinetic structure of the Lagrangian.
In general, one should expect that the phenomenology of the MTMG would be easier with respect to the one of dRGT, because, being the scalar mode absent (as well as the vector ones), one does not need to implement the Vainshtein mechanism at the solar system scale, because no extra scalar force is present. On the other hand, it is of interest to explore the phenomenology of this theory and try to find its differences from GR. In this paper we do address this issue.
In the present paper we first review the MTMG introduced in [19] in the vielbein formalism, and count the number of physical degrees of freedom. Afterwards, we find the Lagrangian of MTMG by using the three-dimensional vielbeins. Third, we also write this same Lagrangian in the metric formalism. This shows that the MTMG, which was introduced in [19] by means of its Hamiltonian, so as to make sure that only two degrees of freedom were propagating on any background, can be equally described in the Lagrangian formalism.
On using the Lagrangian of the theory written in the metric formalism, we discuss the phenomenology of MTMG on a flat FLRW background in the presence of a dust matter fluid. We confirm the existence of two branches: the normal branch and the self-accelerating one. As already mentioned, the background equations of motion are, by construction, identical to the ones in dRGT theory.
Furthermore, we study the behavior of the linear perturbations, and find: i) the self-accelerating branch has a phenomenology which is identical to GR both for scalar and vector perturbations, however, the tensor modes, being massive, have a different propagation dynamics; ii) the normal branch, on the other hand, has a different phenomenology with respect to GR both in the scalar and tensor sectors. This makes this branch ready to be tested against contributions to structure formation. In particular we find that, depending on the dynamics of the fiducial metric, it is possible to have non-trivial values at late times for the linear-perturbation observables, e.g. G eff , η.
II. CONSTRUCTION
In this section we review the construction of the minimal theory of massive gravity (MTMG) proposed in [19] . The construction consists of the following three steps: (i) to define a precursor theory by substituting the ADM vielbein to the dRGT action (subsection II A); (ii) to switch to Hamiltonian (subsection II B); and (iii) to add two additional constraints to define the minimal theory (subsection II C). We then confirm that the number of physical degrees of freedom in the minimal theory is indeed two at fully nonlinear level (subsection II D).
A. Precursor theory
The basic variables of the theory are the lapse function N , the shift vector N i and the spatial vielbein e 
and the Levi-Civita symbol is normalized as ǫ 0123 = 1 = −ǫ 0123 . By choosing the ADM form of the vielbeins, we have fixed the local Lorentz boost, have picked up a preferred local Lorentz frame and thus have already modified the original dRGT theory. The precursor action can be rewritten as
where we have defined X I J and Y I J as
One can easily see that the graviton mass term in the precursor action is manifestly linear in the lapses and does not depend on the shift variables. This is in sharp contrast to the original dRGT theory.
B. Hamiltonian analysis of precursor theory
Primary constraints
Since the graviton mass term is manifestly linear in the lapses and shifts, we consider N and N i as Lagrange multipliers. We then have 9 components of e I j as basic variables. We define canonical momenta conjugate to them in the standard way as
where
The fact that K ij is symmetric leads to the following 3 primary constraints
and indices between the square brackets are anti-symmetrized as A [ab] = A ab − A ba . The remaining 9 − 3 = 6 relations between the canonical momenta and the time derivative of the basic variables can be inverted as
Thus there are no more primary constraints associated with (15) . The Hamiltonian of the precursor theory, together with the primary constraints, is
D j is the spatial covariant derivative compatible with γ ij , √ γ = det γ ij , and α MN (antisymmetric) are 3 Lagrange multipliers. Here and in the following we work in units for which M 2 P = 2. The Hamiltonian is manifestly linear in the lapse N and the shift N i and does not contain their time derivatives. Thus, as already stated, we consider N and N i as Lagrange multipliers. Correspondingly, we have the following primary constraints in addition to (17) :
Secondary constraints and total Hamiltonian
In order to implement the conservation in time of the primary constraints, we need the following Poisson brackets to vanishṖ
pre } .
The partial time derivative in Eq. (23) appears because of the choice of the unitary gauge, so that R 0 explicitly depends on time through the fiducial vielbein. Then Eq. (22) leads to three new secondary constraints, namely
where we have defined
This secondary constraints fixes Y MN to be symmetric. Since
then we can use Eq. (23) to find the expression of one of the components of N i (say N i=3 ) in terms of the other variables. For the same reason we can solve one of the three Eqs. (24) (say for i = 3) for the lapse variable N . Therefore the remaining two Eqs. (24) give rise to two secondary constraints, (sayṘ 1 ≈ 0 andṘ 2 ≈ 0 after solvinġ R 3 ≈ 0 with respect to one of Lagrange multipliers). On naming these two constraints asC τ (τ = 1, 2), then we have the total Hamiltonian
Any further time-derivative of the constraints does not lead to any new (tertiary) constraints, therefore Eq. (30) represents the total Hamiltonian.
Number of physical degrees of freedom in precursor theory
It is straightforward to show that the determinant of the 12 × 12 matrix made of the Poisson brackets among 12 constraints is non-vanishing. This implies that the 12 constraints are independent second class constraints and that the consistency of them with the time evolution uniquely determines all Lagrange multipliers without generating additional constraints. Since each of these 12 second class constraints removes one single degree of freedom in the phase space, we finally have 1 2 (9 × 2 − 12) = 3 physical degrees of freedom on a generic background at nonlinear level. This is consistent with the analysis of [23] .
It can be proven that these degrees of freedom on FLRW cosmological backgrounds in the so called normal branch reduce to the two tensor modes and an extra scalar degree of freedom. In the self-accelerating branch, on the other hand, the scalar mode has a vanishing kinetic term at the quadratic order and acquires its kinetic term only at higher order, meaning that the scalar degree of freedom is strongly coupled in the self-accelerating branch.
So far, breaking Lorentz symmetry with the precursor Hamiltonian has removed the vector modes present in the dRGT theory, but we should expect the remaining scalar degree of freedom to be strongly coupled on some backgrounds such as the FLRW background in the self-accelerating branch. Since our aims is to heal the dRGT theory, we then further try to remove this unwanted degree of freedom, while keeping the same background equation of motion of the dRGT theory.
C. Minimal theory
We have seen that, besides Y
[MN ] ≈ 0, the precursor theory possesses the two secondary constraintsC τ (τ = 1, 2), which are two linear combinations of the three quantities C i (i = 1, 2, 3) defined as follows
and ∂H 0 /∂t is the partial derivative of H 0 as a function of (t, e I j ) with respect to t. The explicit t dependence of H 0 is through the fiducial vielbein.
The minimal theory of massive gravity is defined by imposing the four constraints
SinceC τ (τ = 1, 2) are linear combinations of C i , only two constraints among the four in (32) are independent new constraints. Therefore, the minimal theory is defined by the Hamiltonian
Here we have defined
The main difference between the two Hamiltonians in Eqs. (33) and (30) consists of the presence of the four constraints C 0 , C i rather the two constraintsC τ . Furthermore the constraints C 0 , C i are the time-derivative of the primary constraints with respect to H 1 (and not H, although H ≈ H 1 ).
D. Number of physical degrees of freedom in minimal theory
Having added the extra two constraints, we now have 14 constraints in the 9 × 2 = 18 dimensional phase space. Thus the number of dimensions of the physical phase space is less than or equal to 18 − 14 = 4, where the equality holds if all 14 constraints are second class and if there is no more constraint. Therefore, we conclude that (number of d.o.f.) ≤ One can reach the same conclusion also in a more formal way. Since the actual calculation is somehow cumbersome, we shall simply give a brief outline. What we need to show is that the consistency of the 14 constraints with the time evolution does not lead to additional constraints but simply determines all Lagrange multipliers. For this purpose it is necessary and sufficient to show that the determinant of the matrix {Z σ1 (x), Z σ2 (y)} is non-vanishing, where
represents the 14 constraints. In other words, we need to show that, for a vector field v σ , the equationˆd
has the unique solution v σ = 0. Once this proposition is proved, we can conclude that all the 14 constraints are independent second class constraints and that the consistency of them with the time evolution does not lead to additional constraints. Since we have 14 second-class constraints in the 9 × 2 = 18 dimensional phase space, the number of physical degrees of freedom in this theory is 1 2 · (9 × 2 − 14) = 2 at fully nonlinear level.
III. LAGRANGIAN
The Hamiltonian equation of motion for e I j can be inverted to express π ij and Π I j in terms of the extrinsic curvature as
and
Equivalently,
What is important here is that the relation (38) in MTMG differs from the corresponding relation (16) in the precursor theory. This difference stems from the fact that the additional constraints depend on the canonical momenta. Hence the action of the theory is
where we have dropped α MN P MN and β MN Y [MN ] from the Hamiltonian as they will automatically come out (since Θ ij is defined as a symmetric tensor, and as we shall explicitly see below) and it is understood that π ij and Π I j are expressed in terms of the extrinsic curvature using the above formulas. Explicitly,
where S pre is the action for the precursor theory. It is understood that C 0 is now defined as
while C i , P MN and Y [MN ] are defined as before. Finally,C 0 is defined as
As a consistency check, let us calculate the Hamiltonian of the system defined by the action and compare it with the Hamiltonian defined in the previous section. The system has the following primary constraints
where π N , π i , π λ and π λ i are canonical momenta conjugate to N , N i , λ and λ i , respectively, and P [MN ] is defined in the previous section. The canonical momenta conjugate to e I j is then given precisely by (39). The Hamiltonian is thenH
where H (with α MN P [MN ] and β MN Y [MN ] included) was defined in the previous section and Y [MN ] has been added to the Hamiltonian as a solution to the secondary constraint associated with the primary constraint P
[MN ] = 0. Since H depends linearly on N , N i , λ and λ i , it is obvious that π N = 0, π i = 0, π λ = 0 and π λ i = 0 are first class. We can then safely downgrade N , N i , λ and λ i to Lagrange multipliers, and drop π N , π i , π λ and π λ i from the phase space variables. After that, the HamiltonianH in (47) becomes manifestly equivalent to H defined in the previous section.
IV. METRIC FORMULATION
Let us introduce the Lagrangian of the theory in the metric formulation. In order to define the theory in unitary gauge we need to introduce two explicitly time dependent external fields
The meaning of these two fields can be better understood in the language of the fiducial vielbein E M j as being
and we define its inverse, K m j , as
In terms of the vielbein we can write
In the metric formalism, provided that Y I J = E I i e J i is symmetric, we have
Let us build the following tensor
then we further define the four constrained imposed into the action in order to reduce the degrees of freedom:
where K ij is the extrinsic curvature, K andζ represent K n n andζ n n , respectively. The following is the action of the minimal theory of massive gravity written in the metric formalism:
where we have explicitly re-inserted standard units for the Planck mass, M P , and integrated by parts the constraint in λ i . As it is well known, in the 1+3 formalism, it is possible to write the action of General Relativity as
Therefore, we have
The
. This is a consequence of the Lorentz violations in the gravity sector.
The action for the minimal theory of massive gravity introduces four constraints associated with the four Lagrange multipliers λ and λ i , in addition to those associated with N and N i . It is possible, in principle, to integrate out these Lagrange multipliers, e.g. the field λ, leading to a non-standard contribution to the action since the dependence of the scalarC 0 on the extrinsic curvature. Therefore the action of minimal massive gravity cannot be written as the sum of the Einstein-Hilbert term plus a general potential term.
As for the matter fields we will consider a pure dust component (see e.g. [27, 28] ) as in
where J α is a vector with weight 1, that is under a coordinate transformation it transforms as J . Instead, ρ m , n and ϕ are scalar fields. The numerical constant µ 0 represents instead the mass of one dust particle. The 4-vector of the dust fluid, u α , is defined via
as this vector is normalized, u α u α = −1. On taking variation of the action with respect to J α , one finds
As for dimensions of the new introduced quantities, we have
V. FRIEDMANN BACKGROUND
From the Lagrangian approach, the Friedmann equation reads
The second Einstein equation reads
We also have introduced the quantity
We also have the equation of motion coming from variations of the Lagrangian with respect to λ, as in
From this last equation, we can notice the existence of two branches. The matter satisfies the usual conservation equation
We can build a convenient non-trivial linear combination of equations as in
Then we find that E B can be written as a polynomial expression in λ, given by
This equation should be used in order to find the background value for λ in the Lagrangian formalism. We can introduce an effective equation of state parameter for the massive-gravity component, as
A. Self-accelerating branch
In this case we consider the case
which implies that X = constant. In this case we find
Furthermore, we have
for which we find for λ the solution
which also implies
In this branch, we have that at the level of the background we have a pure cosmological constant. In this case we can summarize the equations of motion asḢ
B. Normal branch
In this case we have the solution
Then we find that
We now show that the first factor on the right hand side is non-vanishing and that
is enforced. To prove this by contradiction is easy. For this purpose, let us suppose that H = XH f , then we find
This condition would introduce a would-be extra dynamical constraint, in addition to the Friedmann equation, which will not be in general satisfied. Therefore the only physical solutions to E B = 0 are those satisfying (V B), which, in turn, leads to
Therefore, no matter which branch we are in, we will always find:
However, if the self accelerating branch was leading to a pure cosmological constant, for the normal branch, we have the possibility of a non-trivial dynamics for the background. In fact, the Friedmann equation reads
where we have found it convenient to split the total gravitational energy density ρ g into a pure cosmological constant term (proportional to c 4 ) and in a (non-trivially) dynamical term ρ X as in:
Indeed at the level of the background, there would be a dark component whose effective equation of state would be given by:
which is, in general, a time-dependent quantity. We notice here that in the case the dynamics leads to X → X 0 = constant, and
In other words, after choosing a specific dynamics for the fiducial metric, it is possible to have also ρ X behave as a cosmological constant component.
VI. SCALAR PERTURBATIONS
Let us consider perturbing the metric in the following form
and let us perturb the dust components as follows
where N 0 is a constant resulting from integrating the background equation of motion for ϕ, which satisfies the relation ρ = µ 0 N 0 /a 3 , and corresponds to the total number of dust particles. We can also verify that combining Eq. (74) with Eq. (113) leads to δu i = −v m .
We also need to perturb the Lagrange multipliers as follows
In the following, it will be useful to introduce the following gauge invariant variables
The two potentials Ψ, Φ reduce to the Bardeen potentials in the Newtonian gauge.
Since we have that ρ m = ρ m (n), on expanding it up to first order, we find that
so that, on using Eq. (118), we can substitute δj 0 in the Lagrangian for δ m .
A. Self accelerating branch
After expanding at second order the action, one finds that the perturbation field δℓ gives the constraint ζ = 0. Furthermore, the field δλ gives the extra constraint s = 0. Therefore the Lagrangian reduces to
Let us first integrate out the field δj, as
Then the Lagrangian reduces to
Next let us use the equation of motion for χ to integrate out α. Then we find
Finally, we can integrate by partsv m , so that v m becomes a Lagrange multiplier which can be easily integrated out.
In fact, we find
and the no-ghost condition reduces to ρ m > 0. The equation of motion for δ m reads
which corresponds to the standard GR equation of motion. Therefore the phenomenology of this branch coincides with the one in General Relativity. In particular, this mode has c 2 s = 0, as expected.
Phenomenology
Let us consider the equations of motion for the gauge invariant fields. Since ζ, s vanish, we find that
On combining several equations of motion we find, without any approximation,
which describes exactly the phenomenology of the dust fluid in General Relativity. Therefore we conclude that, regarding the scalar sector, we should not see any difference between the minimal theory of massive gravity and General Relativity. The difference only appears, as we shall see later on, in the tensor sector, since the gravitational waves acquire in general a non-zero mass.
B. Normal branch
Here we discuss the behavior of the perturbations and their phenomenology for the normal branch of the background solutions, namely the ones defined byẊ
where we have introduced the quantity
Therefore for r = 1, X is constant and its contribution reduces to a cosmological constant. After expanding the equation of motion at second order in the fields, the Lagrange multiplier δℓ gives the following constraint
We then integrate out the fields δj and δλ (using their own equations of motion), and replace δj 0 in terms of
Then one can solve the linear constraint of α for the field v m . After this step we can integrate out the field χ, so that the Lagrangian takes the form
After integrating out the auxiliary field s, we find
so that the no-ghost condition for the field δ m is equivalent to setting
Phenomenology
Let us consider the equation of motion for the variable δ m . The time-evolution of the variable δ m describes, at linear order, the growth of structures in our universe. It can be written as
In the large k-limit, the coefficients of the differential equation reduce to
Here we have used the Friedmann equation 3M 2 P H 2 = ρ m + ρ g , in order to make appear only the dust density and the dark energy density induced in the MTMG theory, ρ g .
We notice here that in the large-k limit, the leading term in C 1 , which corresponds to the no-ghost condition, is positive. On assuming that for some redshift interval we have ρ m ≃ |m 2 |M 2 P , but still |ρ g | < ρ m , then one can find a non-trivial evolution for the matter density profile, even in the case r = 1 (for which ρ g is a constant), as
In this same case, if the following inequalities are satisfied
then it is possible to have 0 <Ḡ eff < G N , i.e. weak gravity regimes, together with a positive mass for the gravitational waves, as will be explained in Section VIII. It is possible to write down the expression for the fields Ψ and Φ in terms of δ m andδ m . On considering the subhorizon approximation, namely that k/(aH) ≫ 1, and, at the same time,δ m /N ≃ Hδ m , then we find that
where we have also imposed that 3M 2 P H 2 = ρ m + ρ g . Therefore, in general, at those redshifts for which H 2 |Γ 1 m 2 | is verified, it is indeed possible to have a non-trivial phenomenology (compared to GR) in the normal branch, even if no extra-scalar mode has been added into the theory. On the contrary, for those redshift for which |Γ 1 m 2 | ≪ H 2 holds, then the phenomenology will tend to agree with the one of GR.
VII. VECTOR MODES
On perturbing the action for the vector modes, we consider the metric perturbations as follows
Furthermore the shift vector will be split as
and also the perfect fluid will possess vector modes u T i . Finally the vector λ i will have a vector mode contribution as
with C 
In this case the action exactly reduces to the action in General Relativity describing the vector modes. Therefore the phenomenology for the vector modes is exactly the same as in General Relativity in both branches. In fact, we find
VIII. TENSOR MODES
The tensor modes for this theory have been already discussed before in the literature [19] . But it is easy to see that since the constraints coming from λ and λ i have only scalar and vector contributions, then the tensor mode action, at quadratic order, will be exactly the same as in dRGT model. In particular we find
This expression is valid both for both the normal branch and the self-accelerating one. In order to ensure stability, one requires µ 2 > 0. In the case r = 1, in the normal branch, we find that µ 2 = −2Γ 1 m 2 > 0, so that, in this case, m 2 and Γ 1 need to have opposite signs. In the same case, r = 1, in the self-accelerating branch, since Γ 1 = 0, actually µ 2 vanishes. It should be mentioned that in both branches the phenomenology of the tensor modes is different from General Relativity because of the presence of the mass µ for the gravitational waves.
IX. CONCLUSIONS
After reformulating the minimal theory of massive gravity (MTMG) [19] in terms of its Lagrangian in both the vielbein and the metric formalisms, we have studied the evolution of the linear cosmological perturbations in both the self-accelerating and the normal branches with a dust fluid. Solutions in both branches are stable as far as µ 2 ≥ 0. The strongest phenomenological upper bound on µ known to date is: µ today < 7.6 × 10 −20 eV (µ today < 1.8 × 10 −5 Hz) from binary pulsar [30, 31] and µ today < 1.2 × 10 −22 eV (µ today < 2.9 × 10 −8 Hz) from the detection of gravitational waves by LIGO [32] , where µ today is the value of µ in the late time universe.
We have found that the phenomenology in the self-accelerating branch exactly coincides with the one in general relativity (GR), except that the expansion of the universe acquires acceleration due to the graviton mass term even without the genuine cosmological constant and that the tensor modes acquire a non-zero mass. Therefore, the MTMG serves as a stable nonlinear completion of the self-accelerating cosmological solution [6] found originally in the de Rham-Gabadadze-Tolley theory [3, 4] .
In the normal branch we have found that in addition to having massive tensor modes, the scalar sector gets affected in a non-trivial way, leading to a modified dynamics (compared to GR) for the only scalar dynamical field δ m . In particular both the friction term and G eff get modifications which depend on the parameters of the theory and on the time-dependent fiducial metric.
Depending on the actual value of µ, then it is possible to distinguish two different eras of the normal branch: a) H ≫ µ (at early redshifts), and in this case the phenomenology tends to coincide with the one in GR; b) H µ (at intermediate/low redshifts), and in this case the dynamics of δ m gets, in general, significant modifications. In this case, though, also the background will feel significant contributions from the MTMG sector. However, these contributions depend on the dynamics of the fiducial metric. In fact, it is even possible to choose the fiducial metric so that ρ g (the MTMG effective energy density in the Friedmann equation) in the normal branch behaves as an effective cosmological constant.
We have studied the behavior of G eff and η in the large k limit and found that in the normal branch, there exists non-null parameter-space for which G eff < G N , while the background is stable, namely the graviton mass squared is positive. Nonetheless, at low redshifts, when ρ m ≃ ρ g , then the evolution of G eff will be strongly parameter dependent. We leave the study of consistency of the theoretical predictions with the data to a future project.
While the main focus of the present paper was on phenomenological aspects of MTMG, here we point out some of theoretical issues to be explored in the future work. The identification of the strong coupling scale and the cutoff scale is among the most important ones. Because of the existence of non-trivial constraints that are essential for the exclusion of the scalar mode, the analysis in the previous attempts of Lorentz-violating massive gravity in the literature does not necessarily apply to MTMG directly. In this respect, it is expected to be insightful to see how helicity-0 and helicity-1 degrees are removed in the Stueckelberg language that was introduced in the context of massive gravity in [33] .
As already stated in the introduction, Lorentz violation in the matter sector induced by graviton loops should be suppressed by a minuscule factor m 2 /M 2 P , where m is the graviton mass. It is worthwhile proving this by explicit computation. Calculation should be straightforward, but one might need to deal with some complication due to the existence of non-trivial constraints in the gravity sector.
As constructed in [19] and reviewed in section II of the present paper, MTMG was obtained by imposing two additional constraints on the precursor theory. The additional constraints are chosen carefully so that they do not over-constrain the system nor kill the FLRW background solution. We conjecture that our choice, i.e. C 0 and the linear combination of C i (i = 1, 2, 3) that is orthogonal toC τ (τ = 1, 2), is unique if we further demand that the resulting theory should respect the spatial diffeomorphism invariance. One of the reasons behind this conjecture is that for the FLRW background in the precursor theory, C 0 is essentially the time derivative of the primary constraint R 0 . Another reason is that the three components of C i (i = 1, 2, 3) form a spatial vector and thatC τ (τ = 1, 2) are two linear combinations of them. It is worthwhile proving this conjecture in a more rigorous way.
Last but not least, it would be interesting to seek a UV completion or a partial UV completion of MTMG.
where X = −(∂σ) 2 /2, and σ is a scalar field. On defining
we find that, on studying the perturbations of such a field, δu i = −∂ i v m , where N (t) δσ/σ = v m (assumingσ > 0), then, for a general fluid, we find that, on choosing the gauge-invariant combination v m − ζ/H as the canonical field, the action for the scalar perturbation tends to blow up in the limit c 2 s → 0, where c 2 s ≡ P ,X /(2X P ,X X + P ,X ). One may wonder why this happens, as in this work, the action for the scalar modes remains always finite.
It is not a problem intrinsic of the action written in Eq. (A1), rather it is a problem of the choice of v m as the field which is supposed to describe the degrees of freedom of the system. There are several ways to prove this statement. In fact, it is clear that for a dust fluid in General Relativity, in the flat gauge (ζ = 0 = γ), the equation for v m can be found by taking variations of the Lagrangian (123) with respect to δ m , and reads as followṡ
This same equation of motion can be found independently of the action one considers. For example, on using the action given in Eq. (A1), it corresponds to combining the equation of motion for the field χ with α =v m /N . Most importantly, Eq. (A3) is a closed equation for the field v m . Therefore it completely determines the evolution for v m . In particular, the essential point here to notice, is that this equation is only first order. Therefore, there is only one single initial condition which need to be imposed in order to completely determine the dynamics of the field v m . In this case, if it were possible to choose v m as the canonical field for the dust fluid, this would imply that the scalar sector of the dust fluid would have only 1 degree of freedom (rather than two). This is impossible, as indeed the equations of motion coming from the Lagrangian in Eq. (124) for the field δ m do require two independent initial conditions (or, equivalently, there is another one independent initial condition to be imposed in the Lagrangian in Eq. (123) for the field δ m ). Therefore the canonical field for the dust fluid cannot be chosen to be proportional to v m , but it can be chosen to be proportional, e.g. to δ m .
Appendix B: Integrating auxiliary variable in & out
Let us consider a simple harmonic oscillator described by the Lagrangian
This can be rewritten as
This Lagrangian is equivalent to the following one.
It is easy to see that the previous Lagrangian is obtained from the present one by simply integrating out Q. In other words,L is obtained from L by integrating-in the auxiliary variable Q.
Let us now integrating-out the original variable q from the equivalent LagrangianL. To do this, we first perform an integration by part to obtaiñ
By integrating-out q, we then obtain the following equivalent Lagrangian 
where ǫ is a constant, then we obtainĀ
We thus have the equivalence
under the correspondence
This is equivalent to the following canonical transformation
where p =q and P =Q/ǫ 2 are momenta conjugate to q and Q, respectively. The Hamiltonians corresponding to the Lagrangians are equal to each other.
